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Abstract
Mixed models, simply put, are models of a response that involve
fixed and random effects (see, e.g., Demidenko (2004)). Here we give
a very superficial and brief coverage of the wide variety of models this
term encompasses.
Historically, the most widely-investigated mixed model is the linear
mixed model. For an n-dimensional response vector Y , the model can
be expressed as
Y = Xβ + Zγ + ,
(1)
where X and Z are fixed and known matrices of covariates with β a
fixed vector parameter and γ a vector of random effects. The ofteninvoked distributional assumptions are γ ∼ Nl (0, G) and  ∼ Nn (0, R).
The matrices G (nnd) and R (pd) are modeled as members of chosen
classes (e.g., compound symmetry, AR(1), unstructured), which involve further unknown parameters. In special cases when the matrices
G and R depend linearly on a set of unknown scalars,
Pthe covariance
matrix of the response can be expressed as Cov(Y ) = pi=1 ϑi Vi where
the parameters ϑi are interpreted as variance-covariance components.
γ and  are assumed to be mutually independent, which implies that
Cov(Y ) = ZGZ 0 + R.
This class of models covers a broad range of situations. Here is a
partial list.
• In repeated measures models (see e.g., Reinsel (1982)), also called
longitudinal models (see, e.g., Laird and Ware (1982)), multiple
observations are carried out, say over time, on each individual
sampling unit.
• In cluster randomized settings (see, e.g., Laird (2004)), dependencies between observations on sampling units are introduced due
to clustering in the randomization process.
• In hierarchical or multilevel settings, a subset of parameters on a
given level is considered to be a random vector whose distribution
depends on an additional set of unknown parameters.
• In some situations it is possible to partition the response vector into independent subvectors, as in longitudinal models, but
in many cases such partitioning is not straightforward, e.g., in
some geodetic or geophysical applications (see e.g., Kubáček et
al. (1995) or Fišerová et al. (2007)) when combining experiments
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with different precisions, each relating to the same mean parameter. In these models it is not obvious and it is not even necessary
to identify the latent random effects - the model for the response
vector Y is parametrized by (unknown) fixed vector parameters
of the mean and variance-covariance components.
The class of linear mixed models can be viewed within the broader
context of nonlinear mixed models. There, the response variable Y can
be modeled in general as
Y = f (x, z, β, γ) + .

(2)

The function f (.) is a nonlinear function of fixed (β) and random (γ)
(vector) parameters as well as vectors of covariates (x and z). Mostly
it is assumed that f (.) is differentiable with respect to β and γ. The
distributional assumptions regarding γ and  may be the same as in
the linear case.
An example of such a model (2) is a random coefficients model (see,
e.g., Vonesh and Chinchilli (1997)) that can be set up in two stages.
For stage 1, the model takes the form
Yij = f (tij , βi ) + εij , i = 1, . . . , n, j = 1, . . . , Ti ,

(3)

where Yij is the response for subject i at time j, f (.) is a nonlinear
function of the p-vector of subject-specific vector parameters βi and
time (tij ), and εij is the error term, which we assume follows a normal
distribution with mean zero and variance σ 2 . The second stage is at
the population level. At this stage the subject-specific parameters are
defined by the model:
βi = Ai β + Bi γi ,

i = 1, . . . , n.

(4)

In this model, β is a vector of fixed population parameters and γi is a
vector of random effects for subject i. In most cases the matrix Ai takes
the form Ai = Ip ⊗ a0i (see, e.g., Vonesh and Carter (1987)), where the
vector ai is the vector of covariates. The matrix Bi is used to determine
which elements of βi have random components and which are fixed. A
well-known example of a random coefficient model is a growth curve
model, a special case of which is when, among other assumptions, the
dimension of each subject specific response is the same. It can be
expressed in terms of a multivariate model for P
a response vector Y ,
which in general may have expectation E(Y ) = pi=1 (Ci ⊗ Di )βi and
covariance matrix Cov(Y ) = Σ1 ⊗ Σ2 with the matrices Σ1 and Σ2 and
the vector β unknown.
Using the generalized mixed linear model, we model the transformed
mean of Y via a link function as a linear function of covariates (see,
e.g., McCulloch et al. (2008)). Typically, the conditional distribution
of the response belongs to the exponential family, and often there is
a functional relationship between the parameters of the mean and the
variance-covariance components. The conditional mean of the ith observation, µi , is linked via a function, say g(µi ), to the covariates and
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random effects in terms of additive effects as
g(µi ) = x0i β + zi0 γ,

(5)

where the meaning of β and γ is as above. We note that the nonlinear
random coefficients model can be perceived as a special case of the
generalized linear mixed model.
Although these models have been notoriously studied for many
decades, there is a variety of questions still to be addressed. The
main aim of inference is estimation and hypotheses testing. Maximum
likelihood or quasi-likelihood methods result in point estimates with
good large sample properties under generally mild conditions. Point
and interval estimation of variance-covariance components has kept
statisticians busy for decades (see, e.g., Hartley and Rao (1967), LaMotte (1973a,b), Mathew et al. (2009), etc.). Ultimately in almost all
settings one is interested in testing (linear) hypotheses about the parameter β and/or about variance-covariance components. Usually we
see H01 : H 0 β = h or H02 : h0 ϑ = 0, or simultaneously both. Except for a few special models there is no exact test available for H01 ;
a variety of approximate tests has been studied for quite a time (see,
e.g., Harville and Jeske (1992), Kenward and Roger (1997), Khuri et
al. (1998), Volaufova and LaMotte (2008), Volaufova (2009), LivacicRojas et al. (2010), Volaufova and LaMotte (2012), and many others).
The hypothesis H02 also has been extensively studied; however even in
models with only two variance-covariance components the question of
finding a test with optimal properties (in some sense) in general is still
open.
In linear mixed models, the choices of the structures of G and R
may be consequential, but often these choices are made arbitrarily
and subjectively. Various information criteria have been developed,
recommended, and modified for the purpose of informing these choices.
Effects of such data-driven choices on inferential procedures for fixed
effects are just beginning to be investigated and are related to the
broad area of model building (see, e.g., Vaida and Blanchard (2005)).
Here we invite contributions that address pertinent questions and
relate to any aspects of this broad class of mixed models.
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